Abstract. Let q = 2 f , and let G = SO + 8 (q) and U be a Sylow 2-subgroup of G. We first describe the fusion of the conjugacy classes of U in G. We then use this information to prove the unitriangularity of the ℓ-decomposition matrices of G for all ℓ = 2 by inducing certain irreducible characters of U to G; the characters of U of degree q 3 /2 play here a major role. We then determine the ℓ-decomposition matrix of G in the case ℓ | q + 1, when ℓ ≥ 5 and (q + 1) ℓ > 5, up to two non-negative indeterminates in one column.
Introduction
A fundamental problem in the representation theory of a finite group of Lie type G defined over the field F q is to determine its decomposition numbers in cross-characteristic ℓ, where ℓ divides the order of G. These numbers relate the ordinary representations of G with its modular representations over a field of characteristic ℓ. The unipotent characters of G play here a major role, namely if ℓ is large enough then they form a basic set for the union of the unipotent ℓ-blocks [GH91, Gec93] . A long-standing conjecture which is in general wide open [GH97a, (3.4) ] states that the restrictions of the ℓ-decomposition matrices to the set of unipotent characters have unitriangular shape.
There has been significant progress towards a determination of the decomposition numbers of G over the last three decades. Let q be a power of a prime p with p = ℓ. The case ℓ | q − 1 has essentially been solved by means of the decomposition matrices of q-Schur algebras [GH97b] and by investigating source algebras [Pui90] ; similar methods give the decomposition numbers of A n for small n [Jam90] . Several authors then contributed to determine the decomposition numbers of groups of small rank [Him11, HH13, HN14, HN15, His89, OW98, OW02, Wak04, Whi90a, Whi90b, Whi95, Whi00], for instance by using the Green correspondence and by investigating the Loewy structure of certain indecomposable modules. In the cases where p is a bad prime for G, the knowledge of the character tables of parabolic subgroups is crucial.
We embark in this work on the project of determining the unitriangularity of ℓ-decomposition matrices of G when p is a bad prime, independently of the knowledge of the character tables of parabolic subgroups. The main result confirms the conjecture in [GH97a, (3.4) ] in the case of SO + 8 (2 f ).
Theorem. Let ℓ = 2 be a prime number. Then the restrictions of the ℓ-decomposition matrices of SO + 8 (2 f ) to the set of unipotent characters have unitriangular shape.
Let us now denote by G the group SO + 8 (2 f ), and let U be a Sylow 2-subgroup of G. The knowledge of the irreducible characters of U and their values [HLM11, LM15, GLM17] is our main ingredient to obtain the unitriangularity of the ℓ-decomposition matrices of G. Namely we first compute the fusion of the conjugacy classes of U in G, and then we use this information to construct ℓ-projective characters by inducing irreducible characters of U to G. The key fact is that the ℓ-projective characters Ψ 6 , . . . , Ψ 9 and Ψ 13 of SO + 8 (p f ) with p ≥ 3 as in [GP92, Section 5], constructed in terms of generalized Gelfand-Graev characters and hence defined just for p odd, are here replaced by inducing irreducible characters of U of degree q 3 /2; this is the only irreducible character degree in a Sylow p-subgroup of SO + 8 (p f ) for any p ≥ 2 which is not a power of p f . We then move on to computing the ℓ-decomposition matrix of G in the only remaining open case ℓ | q + 1, under the assumption ℓ ≥ 5. We provide exact values of its entries when (q + 1) ℓ > 5, except in one column, where such entries are determined as linear expressions involving two non-negative parameters α ≤ q/2 and β ≤ (3q − 2)/2. Most columns are obtained by Harish-Chandra induction from Levi subgroups. We obtain lower bounds for the ℓ-decomposition numbers by using properties of irreducible ℓ-characters in general position of some twisted torus. Upper bounds, which are in some cases sharp, are obtained by a character-theoretical consequence of [BR03, Section 8] stated in [Dud13, Lemma 1.1], which is proved by deep cohomological methods; these methods have also been used to compute the decomposition numbers in types B 3 and C 3 [HN14] , for unitary groups of low rank [DM15] , and for exceptional groups of Lie type when ℓ | q 2 +1 [DM16] . As these methods do not depend on q, the ℓ-decomposition matrix of G when ℓ | q + 1 is the same as in the case of SO + 8 (p f ) when p ≥ 3.
Corollary. Let q = 2 f , and let ℓ ≥ 5 be a prime number such that ℓ | q + 1 and (q + 1) ℓ > 5. Then the restriction of the ℓ-decomposition matrix of SO + 8 (q) to the set of unipotent characters is as given in Table 1 .
Notice that the matrix block of size 4 which is indexed by the unipotent characters χ i for i = 6, . . . , 9, whose degrees are of the form π i (q)q 3 /2 for some products π i (q) of cyclotomic polynomials evaluated at q, and by the ℓ-projective characters ψ 6 , . . . , ψ 9 , obtained by inducing characters of U of degree q 3 /2, is the only triality-stable block as in [GH97a, (3.4) ] of size greater than 1, and is in fact the identity block of size 4. A direction for future work is to investigate in a similar way the induction of irreducible characters of degree q 7 /2 in a Sylow 2-subgroup of D 5 (q) for q = 2 f , and of degree q 4 /3 in a Sylow 3-subgroup of F 4 (q) for q = 3 f , whose construction is determined in [Pao16] and [GLMP16] respectively, to get information on the shape of the ℓ-decomposition matrices in these cases. Such character degrees turn out to be again exactly the non-cyclotomic parts of the degrees of certain unipotent characters of D 5 (q) and F 4 (q) respectively, see [Car, .9].
The structure of this work is as follows. We recall in Section 2 some preliminary results on character theory and finite groups of Lie type, in particular about SO + 8 (2 f ). In Section 3 we determine the fusion in SO + 8 (2 f ) of the conjugacy classes of a fixed Sylow 2-subgroup. This is used in Section 4 to find ℓ-projective characters of SO + 8 (2 f ) and to determine the unitriangularity of its ℓ-decomposition matrices. We determine in Section 5 more precisely the ℓ-decomposition matrix of SO + 8 (2 f ) when ℓ | q + 1. Finally, we collect in the Appendix the details of the computations in Section 3. Further computations related to Sections 4 and 5 are available on the webpage of the author. Table 1 . The ℓ-decomposition matrix of G for ℓ | q + 1, when ℓ ≥ 5 and (q + 1) ℓ > 5. We have that γ = −9α + 4β + 8, and that α ≤ q/2, β ≤ (3q − 2)/2 and −9α + 4β + 8 ≥ 0.
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Preliminaries
We recall first some notation for characters and conjugacy classes of a finite group G and its subgroups. Our main reference for this is [Is] . We denote by Irr(G) the set of irreducible characters of G. Let H be a subgroup of G. For a character χ of H, we denote by Ind G H χ, or more simply χ G , the character obtained by inducing χ to G. If g, h ∈ G, we denote by h g the element g −1 hg. In this way, the set h G denotes the set of all elements of the form h g when g ∈ G, that is, the conjugacy class of G containing h. Let now ϕ ∈ Irr(H), and let {h 1 , . . . , h m } be a full set of representatives of the set {h g | h ∈ H and g ∈ G} for the conjugation action in G. The information of the fusion of the conjugacy classes of H into G is enough to compute the character values of ϕ
We now recall the definition of the group SO 8 (2 f ) and some of its properties, following [MT] . Let k be an algebraically closed field of characteristic 2, and for a fixed f let q = 2 f and let F be the standard Frobenius morphism on k. Hence the set of fixed points of F on k is the field F q with q elements. Let G be a simple algebraic group of type D 4 defined over k. The Frobenius morphism F also acts on G through a standard linear embedding. From now on, G is defined to be the group SO Let us fix a maximally split torus T of G, and let T = T F . We denote by Φ the root system of G with respect to T, and by Φ + = {α 1 , . . . , α 12 } the set of positive roots, with α 1 , . . . , α 4 simple roots. The set Φ is acted on by the Weyl group W = N G (T)/T, which coincides in this case with N G (T )/T . We denote by s 1 , . . . , s 4 the set of standard generators for W such that s i (α i ) = −α i for i = 1, . . . , 4. Let U be a fixed Sylow 2-subgroup of G. We denote by X α the root subgroup of U with respect to a root α ∈ Φ + , and by x α (t) the root element corresponding to α ∈ Φ + and t ∈ F q . If i ∈ {1, . . . , 12}, we often write X i instead of X α i , and x i (t) in place of x α i (t) for t ∈ F q . We recall some of the Chevalley relations in G, as in [GLS3, Theorem 1.12.1]. Every element of T can be described as h(t) := h 1 (t 1 ) · · · h 4 (t 4 ) with t 1 , . . . ,
x 6 (a 6 t 1 t 4 /t 2 t 3 )x 7 (a 7 t 1 t 2 /t 3 t 4 )x 8 (a 8 t 4 /t 1 t 2 )x 9 (a 9 t 2 /t 1 t 4 )· x 10 (a 10 t 1 /t 2 t 4 )x 11 (a 11 t 3 /t 1 t 2 t 4 )x 12 (a 12 /t 3 ).
Since q is a 2-power, we have that
for α, β ∈ Φ + and s, t ∈ F q , to obtain We denote by Tr : F q → F 2 the trace map of the field F q over its prime field F 2 . We fix a non-trivial character of the abelian group F q , namely φ :
There are 2q
5 + 8q 4 − 16q 3 + 14q 2 − 10q + 3 distinct conjugacy classes in U. These have been obtained in [BG14, Section 3]; we consider in Section 3 the same conjugacy class representatives as in [GLM17, Section 3]. On the other hand, there are just 14 unipotent class representatives in G, that is, representatives of the G-conjugacy action on the set {u g | u ∈ U and g ∈ G}. These are obtained in [GLO17] , and can also be recovered from the computations in Section 3. We fix u 1 , . . . , u 14 such representatives in U. These are collected in Table 2 , together with their centralizer sizes in G. In particular, we fix there from now on the element µ ∈ F × q such that µ is an element with Tr(µ) = 1 if q > 2, and µ = 1 if q = 2. Notice that u 3 , u 4 and u 5 (respectively u 9 , u 10 and u 11 ) are permuted by the triality automorphism τ of G, which is associated to the Dynkin diagram automorphism (α 1 , α 4 , α 2 ). As a consequence of subsequent calculations, we can determine precisely that the classes u 13 and u 14 correspond to the classes denoted respectively by u 13 and u ′ 13 in [Gec94, §4.5.4]; in fact, by swapping the roles of u 13 and u 14 we would get negative entries in Table 6 , which of course cannot happen.
We end this section by recalling some information about characters of U and G. The set Irr(U) is described in [HLM11] and [GLM17] . Notice that the parametrization of the irreducible characters of a Sylow p-subgroup of SO + 8 (p f ) is uniform for primes p ≥ 3, while in the case p = 2 there is some further complication. We denote by χ 1 , . . . , χ 14 the unipotent characters of G. We use the same notation as [GP92] , except we swap χ 7 and χ 8 . By [Gec94, §4.5.4], the unipotent characters of G and their values on u 1 , . . . , u 12 are given in both cases p ≥ 3 and p = 2 by identical polynomial expressions in p f ; they are determined there, as well as the values on u 13 and u 14 when p = 2.
k First row rep. in Table 7 for u Table 3 . The normalizing action of T on the representatives in the first row corresponding to u G k , k = 1, . . . , 14 in Table 7 .
3. The fusion of the conjugacy classes of U into G
We now outline a method to determine how the conjugacy class representatives of U in [GLM17, Section 3] fuse into the unipotent classes of G. We collect such representatives and their fusion into each of the u G k for k = 1, . . . , 14 in Table 7 . We make substantial use of the Chevalley relations in G and properties of Φ + . From now on and for the rest of this work, we assume that q > 2. Namely if q = 2 then ℓ ∈ {3, 5, 7}, and in these cases the ℓ-Brauer characters of SO + 8 (2) are determined in [JLPW] . Notice that for q = 2 the fusion of the conjugacy classes of U in G is slightly different, as Tr(0) = Tr(1) = 0; this is readily described by CHEVIE [GHL+96] , and can also be computed by using the methods outlined in this section.
We first describe the action of T on the representatives of the conjugacy classes of U in the first row corresponding to u G k in Table 7 . Namely by using Equation (2), for k = 1, . . . , 14 and each u ∈ u G k in the first row of Table 7 of the form x α i 1 (a i 1 ) · · · x α im (a im ), we can find explicitly t 1 , . . . , t 4 ∈ F × q such that
This information is collected in Table 3 , with the following notation. For fixed
We omit the trivial case k = 1 and the cases k = 4 and k = 5 (respectively k = 10 and k = 11), which are obtained by case k = 3 (respectively k = 9) by applying the triality automorphism τ .
We then give full information on the fusion of the conjugacy classes of U into G by using the actions of W and U on the remaining U-conjugacy representatives. The action of W is used to show that x β 1 (a 1 ) · · · x βm (a m ) and x γ 1 (a 1 ) · · · x γm (a m ) are conjugate when w(β 1 , . . . , β m ) = (γ 1 , . . . , γ m ), by using Equation (3). Here we consider the action of W on (Φ + ) m entrywise for some m ≥ 1; we will see that if β i + β j / ∈ Φ + for 1 ≤ i < j ≤ m, or if certain other conditions hold, then we can replace the m-tuple (β 1 , . . . , β m ) with the set {β 1 , . . . , β m }, in other words the order of the roots will not matter. This motivates the subsequent notation of [β 1 , . . . , β m ]. In some cases, we need to combine both actions of W and U.
We now go in more details to determine the fusion of the conjugacy class representatives of U in G as in Table 7 . Our strategy is to fix each G-conjugacy class representative labelling the first row corresponding to u G k in Table 7 for k = 1, . . . , 14, and to prove that every class representative in U is conjugate to one of these G-conjugacy class representatives.
We introduce some notation. We denote by [(α i 1 , a i 1 ), . . . , (α im , a im )], or in short [α i 1 , . . . , α im ], a set of roots α i j ∈ Φ + corresponding to the generic elements a i j ∈ F × q for 1 ≤ j ≤ m, defined up to the following equivalence.
We remark that if (iii) occurs for w ∈ W , then for every
Finally, we observe that an element of the form
. . , α j ℓ ] by using (i), (ii) or (iii) above. In this case, we will write
The rest of this section is devoted to obtain [α i 1 , . . . , α im ] [α j 1 , . . . , α j ℓ ] for each α i 1 , . . . , α im which index a row in Table 7 corresponding to some u G k , for k ∈ {1, . . . , 14}, and α j 1 , . . . , α j ℓ indexing the first row associated to u G k in Table 7 . This gives already almost all the fusion of the U-conjugacy representatives into G. Just a few representatives are then left to examine; we explicitly conjugate them to suitable representatives in the first row corresponding to some u G k in Table 7 . We make use of the following result, of independent interest. We denote by r a power of an arbitrary prime p, and by U(A n (r)) a Sylow p-subgroup of A n (r). Proposition 1. Let Φ be a root system of type A n , with α 1 , . . . , α n simple roots. If {α i 1 , . . . , α in } = {α 1 , . . . , α n }, then for every a i 1 , . . . , a in ∈ F × r there exist u ∈ U(A n (r)) and a 1 , . . . , a n ∈ F × r , such that
Proof. We can rewrite the product x i 1 (a i 1 ) . . . x in (a in ) as
for some a 1 , . . . , a n ∈ F × r and some b n+1 , . . . , b m ∈ F r , where m = n(n + 1)/2 is the number of positive roots in type A n . To prove the claim, it is enough to show that for every k ≥ n + 1 and a 1 , . . . , a n ,
Then the element u = x s (ǫa k /a i ) for some ǫ ∈ {±1} satisfies Equation (5). The claim follows.
We now start the analysis for each k = 1, . . . , 14. We use the following GAP code to determine the orbit of a tuple v of positive roots under the action of W . We realize W as a suitable permutation group, which acts on the root labels 1, . . . , 24.
WeylOrbList:
3.1. The cases k = 1, . . . , 5. As the action of W is transitive on Φ, we have [
The cases k = 4 and k = 5 are obtained by applying the triality automorphism τ to the case k = 3.
3.2. The case k = 6. We have that
3.3. The case k = 7. We have that
We are now going to show the following,
and that every x 3 (a 8 a 9 a 10 /(ηa 2 11 ))x 8 (a 8 )x 9 (a 9 )x 10 (a 10 )x 11 (a 11 ), with η ∈ F × q of trace 0, is conjugated to some x 5 (ā 5 )x 6 (ā 6 )x 7 (ā 7 )x 10 (ā 10 ) withā 5 ,ā 6 ,ā 7 ,ā 10 ∈ F × q . For a) we have that
and similarly for b) and c).
For e), we have that
A similar computation yields f ).
Finally, we notice that the tuple (α 3 , α 8 , α 9 , α 10 , α 11 ) is mapped to (α 5 , α 6 , α 7 , α 11 , α 10 ) by a suitable element of W , hence if a 8 , a 9 , a 10 , a 11 ∈ F × q then there exists w ∈ W such that (6) (x 3 (a 8 a 9 a 10 /(ηa
10 η/(ā 6ā7 )), whereā 6 = a 8 ,ā 7 = a 9 ,ā 10 = a 11 ,ā 5 = a 8 a 9 a 10 /(ηa 2 11 ). If t ∈ F q , then we have that (x 5 (ā 5 )x 6 (ā 6 )x 7 (ā 7 )x 10 (ā 10 )
x ) = x 5 (ā 5 )x 6 (ā 6 )x 7 (ā 7 )x 10 (ā 10 )x 11 (ā 5ā6ā7 t 2 +ā 5ā10 t), where x = x 1 (t)x 2 (tā 6 /ā 5 )x 4 (tā 7 /ā 5 )x 8 (ā 5ā6 t). If we define a :=ā 5ā6ā7 , b :=ā 5ā10 and c :=ā 5ā 2 10 η/(ā 6ā7 ), then Tr(ac/(b 2 )) = Tr(η) = 0, hence there exists t ∈ F q such that at 2 + bt + c = 0. This means that the right hand side of Equation (6) is U-conjugate to x 5 (ā 5 )x 6 (ā 6 )x 7 (ā 7 )x 10 (ā 10 ).
3.4. The case k = 8. Notice that (α 5 , α 6 , α 7 , α 10 , α 11 ) is mapped to (α 1 , α 2 , α 4 , α 10 , α 12 ) by W . Since p = 2, we have that there exists some w ∈ W such that (x 5 (a 5 )x 6 (a 6 )x 7 (a 7 )x 10 (a 10 )x 11 (a 11 ))ẇ = x 1 (a 5 )x 2 (a 6 )x 4 (a 7 )x 10 (a 10 )x 12 (a 11 ) for every a 5 , a 6 , a 7 , a 10 , a 11 ∈ F × q . Then the same argument and the same w ∈ W as at the end of §3.3 yield (x 3 (a 8 a 9 a 10 /(µa 2 11 ))x 8 (a 8 ) · · · x 11 (a 11 )) w = x 5 (ā 5 )x 6 (ā 6 )x 7 (ā 7 )x 10 (ā 10 )x 11 (ā 5ā 2 10 µ/(ā 6ā7 )) for someā 5 ,ā 6 ,ā 7 andā 10 in F × q . 3.5. The cases k = 9, 10, 11. We have that 
The cases k = 10 and k = 11 are again obtained by applying powers of τ to the case k = 9, and by noticing that
where u = x 3 (a)x 4 (a 4 )x 6 (a 2 a)x 10 (a 2 a 4 a).
3.6. The case k = 12. Let x := x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 6 (a * 6 )x 7 (a * 7 ), with a * 6 , a * 7 ∈ F × q such that (a *
with a * := a 2 a * 7 + a 4 a * 6 . Notice that a * = 0 by assumption. We observe that
. . , b 12 ∈ F q . Now we notice that
by extension to an isomorphism of the following map,
By applying exactly the same argument as in Proposition 1, we see that x is conjugate in U to an element of the form x 2 (ā 2 )x 4 (ā 4 )x 5 (ā 5 )x 7 (ā 7 ) withā 2 ,ā 4 ,ā 5 ,ā 7 ∈ F × q . But now we have that
By Proposition 1, we have
hence each element of row 4 corresponding to u G 12 in Table 7 is conjugate to suitable elements in rows 2, 3, 6 and 7.
By conjugating y by x 3 (a 4 /a * 7 ), and by noticing that X 2 X 4 X 5 X 6 X 8 X 9 X 10 X 11 X 12 ∼ = U(A 4 (q))/Z(U(A 4 (q))), we deduce as above that x is conjugate to an element of the form x 2 (ā 2 )x 4 (ā 4 )x 5 (ā 5 )x 6 (ā 6 ) for someā 2 ,ā 4 ,ā 5 ,ā 6 ∈ F × q . We apply the action of W , and again by Proposition 1 we get that
which means that x is also conjugate to suitable elements in rows 1 and 5 of Table 7. 3.7. The cases k = 13, 14. This follows from Table 3 .
4. Unitriangular shape of the ℓ-decomposition matrices of SO
We now focus on the determination of the ℓ-decomposition matrices of G where ℓ is an odd prime. By [GH91] and [Gec93] , we have that the unipotent characters form a basic set for the union of unipotent ℓ-blocks. From now on, we just focus on the unipotent part of the decomposition matrix, which by slight abuse of terminology we refer to as the decomposition matrix itself of G.
We now construct ℓ-projective characters ψ 1 , . . . , ψ 14 and ψ
In particular, the ℓ-decomposition matrices of SO + 8 (2 f ) are also unitriangular. We explain in this section the construction and relevance of such projective characters, which are all obtained by inducing characters in Irr(U) to G.
We first expand Equation (1) with U in place of H into a suitable form for our subsequent computations. We denote by C the set of labels of the form C for each family of conjugacy class representatives in the first column of Table 7 . For every k ∈ {1, . . . , 14}, we define
and we define the family sum
with respect to ϕ ∈ Irr(U) and to the family C of conjugacy class representatives of U.
The following proposition shows that if we know all family sums for ϕ, then we know the multiplicities in ϕ G of each unipotent character of G. Notice that the value d k,C in the proposition is well-defined.
Proposition 2. Let χ be a unipotent character of G, and let ϕ ∈ Irr(U) and ψ = ϕ G . For k = 1, . . . , 14 and C ∈ C k , let η k := χ(u k ) and d k,C := |C U (u)| for u ∈ C. Then we have
Proof. We have that
The projective characters ψ 1 , ψ 2 , . . . , ψ 14 and ψ By Proposition 2, the character values of ϕ G are obtained once we know both the fusion of the conjugacy classes of U into G determined in Section 3 and the character values of ϕ; the latter are provided in details in [LM15] and [GLM17] in the cases of our interest. In particular, each character ϕ is inflated, then induced from a linear character of a certain abelian subquotient of U.
The character labels for each ϕ ∈ Irr(U) of our interest are of the form χ c i , in the notation of [GLM17, Table 4 ], with i a multiset parametrizing the indices of root subgroups of the abelian subquotient of U previously determined, and c a tuple in F q that determines the values of the linear character that we inflate and induce from such a subquotient. We use the notation ψ G in the sequel. We obtain the projective characters ψ ′ 6 , ψ ′ 7 and ψ i with i ∈ {1, . . . , 5}∪{10, . . . , 14} by looking at a certain family C ∈ C k , say C :
and by selecting a character in Irr(U) with label ψ c i , where i = (i 1 , . . . , i m ) is a tuple indexed exactly by the indices in C, and c is a tuple which may depend on a i 1 , . . . , a im that we explicitly provide in each case. In most cases, we can select c to be (1, . . . , 1). We point out that one can easily determine the columns of the ℓ-decomposition matrices in Table 6 corresponding to such ℓ-projective characters, except for the character ψ 13 , also by Harish-Chandra induction of projective covers of the Steinberg characters of Levi subgroups of G, as in [GP92, Section 5]. We include the computation for completeness, and to show that the results obtained by using the two methods agree.
The construction of ψ 13 does deserve special attention. Namely this character is a natural replacement for the character Φ 13 in [GP92, Section 5], whose construction as a generalized Gelfand-Graev character of SO + 8 (p f ) for p ≥ 3 cannot be extended to the case p = 2, as 2 is a bad prime in type D 4 .
The ℓ-projective characters ψ 6 , . . . , ψ 9 play a fundamental role to prove the unitriangularity of the ℓ-decomposition matrices of G. These are constructed by inducing characters in Irr(U) whose degree is not a power of q, namely q 3 /2; we recall on the other hand that if r = p f with p ≥ 3, then the degree of an irreducible character of a Sylow p-subgroup of D 4 (r) is always a power of r. The importance of the construction of ψ 6 , . . . , ψ 9 lies in the fact that such characters are obtained with substantially different methods from the case of SO + 8 (p f ) when p is odd. We use the formulas in [GLM17, Table 4 ] in order to compute all family sums for our choices of characters. In the rest of this section we explain how to obtain such information. We use the notation x(t) as in Section 2. Family sums involve many of the so-called character Gauss sums; the following computation is useful to deal with most cases.
Proof. We recall that t∈Fq φ(t) = 0, hence a∈F 
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q for ψ 1 , . . . , ψ 5 , ψ 10 , . . . , ψ 12 and ψ 14 as in Table 4 , and b = (1, 1, 0, 1) (respectively b = (1, 0, 1, 0)) for ψ ′ 6 (respectively ψ ′ 7 ). An application of Lemma 3 easily gives the values of these characters. Notice that ψ 4 and ψ 5 (respectively ψ 11 and ψ 12 ) can be obtained by applying the triality automorphism to ψ 3 (respectively ψ 10 ). ψ1 ψ2 ψ3 ψ4 ψ5 ψ10 ψ11 ψ12 ψ14 b (0, 0, 0, 0) (0, 0, 1, 0) (1, 1, 0, 0) (0, 1, 0, 1) (1, 0, 0, 1) (1, 1, 1, 0) (0, 1, 1, 1) (1, 0, 1, 1) (1, 1, 1, 1 ) Table 4 . The values of b corresponding to the ℓ-projective characters in §4.1.
4.2.
The characters ψ 6 , ψ 7 , ψ 8 , ψ 9 . The irreducible characters of degree q 3 /2 in Irr(U) are very important for our computations. Namely by inducing such characters, we obtain an identity block of size 4 in Table 6 whose rows are labelled by χ 6 , χ 7 , χ 8 , χ 9 , and whose columns are labelled by the ℓ-projective characters ψ 6 , ψ 7 , ψ 8 , ψ 9 that we now construct.
The characters χ s,t,1,1,1,1 8,9,10,q 3 /2 , where s, t ∈ µF 2 and µ is the previously fixed element of F q of trace 1, are defined as in [LM15, Theorem 2.3]. The value χ s,t,1,1,1,1 8,9,10,q 3 /2 (x(t)) is
φ(st 1 + tt 3 + t 7 + (t 5 + t 7 )(t 6 + t 7 ) + 10 i=8 t i ), otherwise, where
The character labels corresponding to each s and t are as in Table 5 . Table 5 . The character labels as in §4.2 corresponding to ψ 6 , ψ 7 , ψ 8 and ψ 9 .
We compute the family sum S(χ s,t,1,1,1,1 8,9,10,q 3 /2 , C 7 3,q 8 ,1 ). We get S(χ s,t,1,1,1,1 8,9,10,q 3 /2 , C 
where we first used the fact that {a (x(t)) = qδ (t 3 ,t 1 +t 2 +t 4 ) φ(t 2 + dt 4 + t 5 + t 6 + t 7 ).
Let χ := χ 1,1,1,0,1,d 5,6,7
and S := S(χ, C 12,p=2 1,2,4,q 6 ). We have 1,2,4,q 6 ) for i ∈ {6, . . . , 11} are obtained in a similar way. It is straightforward to obtain the values of all other family sums by using Lemma 3.
By applying Proposition 2, we obtain with the use of CHEVIE the matrix of the inner products of the unipotent characters χ i with each ψ j or ψ Table 6 . This gives an approximation of the ℓ-decomposition matrices of SO + 8 (q). Notice that χ i , ψ i = 1, and χ i , ψ j = 0 when 1 ≤ i < j ≤ 14. Hence we obtain the following result, which we state again. Finally, we notice that the columns corresponding to every ℓ-projective character in Table 6 , except ψ 6 , . . . , ψ 9 and ψ 13 , do indeed give the same values as obtained in [GP92, §5] with respect to the projectives Φ 1 , . . . , Φ 5 , Φ 7 , Φ 8 , Φ 10 , Φ 11 , Φ 12 and Φ 14 , which are obtained by Harish-Chandra induction of projective covers of Steinberg characters of Levi subgroups. The labels for such Levi subgroups in terms of simple roots correspond to the labels of the characters of Irr(U) that we inflate and induce to obtain each of the ψ i or ψ ′ i . Many of these ℓ-projective characters of G are not indecomposable. We will see in the next section that we obtain projective indecomposable characters of G by inducing projective characters of such Levi subgroups which are not projective covers of Steinberg characters.
On the decomposition numbers of SO
The goal of this final section is to determine the ℓ-decomposition matrix of SO + 8 (q) when q = 2 f , and ℓ ≥ 5 is a prime number such that ℓ | q + 1 and (q + 1) ℓ > 5. Not all methods used in the sequel can be applied when (q + 1) ℓ ∈ {3, 5}, in which case one expects some entries of the ℓ-decomposition matrices to be different from the ones in Table 1; see ψ 8 ψ 9 ψ 10 ψ 11 ψ 12 ψ 13 ψ 14 Table 6 . The unitriangular shape of the matrix ( χ i , ψ j ) i,j as in Section 4, which implies the unitriangularity of the ℓ-decomposition matrices of G and certain upper bounds for the ℓ-decomposition numbers.
We briefly explain as follows how to obtain the decomposition matrices in the remaining cases; the calculations are straightforward.
-If ℓ | q−1, then the decomposition matrix of G is determined in [GH97b, Section 8] by means of decomposition matrices of q-Schur algebras. -If ℓ | q 2 +1 and (q 2 +1) ℓ > 5, the decomposition matrix of G is obtained in [DM16, Table 1 ] by using the methods recalled later in this section and certain other techniques. As in [DM16, Remark 3.2], some of the entries of the decomposition matrix in the case (q 2 + 1) ℓ = 5 are different from those in [DM16, Table 1 ]. -If ℓ ∤ q ± 1 and ℓ ∤ q 2 + 1, then the defect group of the principal ℓ-block is cyclic, since it is a Sylow ℓ-subgroup of G. In this case, the decomposition numbers of G are encoded in its Brauer tree. Brauer trees have been determined in [FS90] for the groups SO
It is a straightforward computation by using Harish-Chandra induction to verify that the Brauer trees are the same in the case of p = 2; this is for instance clarified in [CK17 + ].
In the rest of this work, we determine the ℓ-decomposition numbers of G when ℓ | q+1, up to two parameters α, β ∈ Z ≥0 in the ninth column of Table 1. Our strategy is to exploit the construction of the ℓ-projective characters ψ 1 , . . . , ψ 14 and ψ ′ 6 , ψ ′ 7 in Section 4, to obtain information on ℓ-projective indecomposable characters Ψ 1 , . . . , Ψ 14 of G. We say that each Ψ i , i = 1, . . . , 14 is a character of a PIM, which stands for projective indecomposable module.
The methods we employ are among those outlined in [DM16] and [Dud17, Section 4]. We collect and label such methods as follows. We denote by R w the virtual DeligneLusztig character R w (1) corresponding to w ∈ W and 1 = 1 Tẇ F ∈ Irr(Tẇ F ), and by ℓ(w) the length of w.
(Uni) The unipotent part of the decomposition matrix of G has lower unitriangular shape.
(Sum) If χ 1 is a character of a PIM, and χ 1 + χ 2 is a projective character, then χ 2 is also a projective character.
(HC) The Harish-Chandra induction and restriction of a projective character is again projective.
(Reg) Let w ∈ W , and let us assume that there exists an ℓ-character of Tẇ F in general position. Then we have that Ψ, (−1) ℓ(w) R w ≥ 0 for every projective character Ψ.
(DL) If Ψ is a projective character of G, and w is minimal in the Bruhat order such that the unipotent part of Ψ occurs in R w , then Ψ, (−1) Before we start the analysis, we recall some useful information about G. There are 13 unipotent characters lying in the principal ℓ-block when ℓ | q +1; the character χ 8 forms an ℓ-block on its own. This can be readily checked for instance by applying [KM15, 4 ; hence the assumptions of (Reg) are satisfied in this case.
The program CHEVIE promptly gives the decomposition into unipotent characters of R w for every w ∈ W . In particular, R w 0 = χ 1 − 4χ 2 + 3χ 3 + 3χ 4 + 3χ 5 − 6χ 6 − 2χ 7 − 8χ 9 + 3χ 10 + 3χ 11 + 3χ 12 − 4χ 13 + χ 14 .
) the Harish-Chandra induction (respectively restriction) of ϕ ∈ Irr(L) (respectively χ ∈ Irr(G)). In particular, we denote by L i 1 ,...,im the Levi subgroup corresponding to the parabolic subgroup s i 1 , . . . , s im of W . By slight abuse of notation, for a projective character Ψ we also denote by Ψ its unipotent part in the principal ℓ-block of G. Of course by (Uni) we have that Ψ 14 = ψ 14 .
5.1. The projective indecomposables Ψ 10 , Ψ 11 , Ψ 12 and properties of Ψ 13 . For i = 10, 11, 12, we have that ψ i , R w 0 = 0, and χ i + χ 13 , R w 0 = 0, χ i + χ 14 , R w 0 = 0, χ 13 + χ 14 , R w 0 = 0.
By (Reg), we have that ψ i is a character of a PIM for i = 10, 11, 12, that is, Ψ i = ψ i . We apply (Reg) on Ψ 13 . Write Ψ 13 = χ 13 + δχ 14 . Then we have 0 ≤ Ψ 13 , R w 0 = χ 13 + δχ 14 , R w 0 = χ 13 , R w 0 + δ χ 14 , R w 0 = −4 + δ, hence δ ≥ 4. By Table 6 , we have that none of ψ ′ 6 , ψ ′ 7 and ψ i with i ∈ {1, . . . , 14} \ {9} can be decomposed as Ψ 13 + ν 13 for some (projective) character ν 13 . 5.2. The projective indecomposables Ψ 7 and Ψ 6 . Some upper bounds for the columns corresponding to Ψ 7 and Ψ 6 are given by the projective characters ψ ′ 7 and ψ ′ 6 as in Section 4. We show here that these bounds are tight. In order to do this, we need some notation on the decomposition matrices of A 3 (q) as in [Jam90] . The unipotent characters in type A n−1 are parametrized by the partitions of n. Given a partition λ = (λ n 1 1 · · · λ ns s ) of n with λ 1 > · · · > λ s , we denote by ρ λ the corresponding unipotent character. Moreover, we denote by η 1 , . . . , η 5 the characters of the PIMs in A 3 that label the columns of its ℓ-decomposition matrix when ℓ | q + 1 in [Jam90, Appendix 1], namely
Notice that ψ 5.3. The projective indecomposables Ψ 3 , Ψ 4 and Ψ 5 . We determine the projective indecomposable character Ψ 5 ; for Ψ 4 and Ψ 3 we apply the triality automorphism τ to get the same conclusion.
By (HC), we have that
,4 (η 3 ) = χ 3 + χ 6 + χ 7 + χ 10 + χ 11 + χ 12 + χ 13 is a projective character. Since ψ ′ 5 , χ 14 = 0, by (Uni) and the construction of Ψ 6 , Ψ 7 and Ψ 10 , . . . , Ψ 14 it is easy to see that ψ 5.5. The projective indecomposable Ψ 1 . We now consider
(η 1 ) = χ 1 + 2χ 2 + χ 3 + χ 4 + χ 5 + 2χ 7 + χ 10 + χ 11 + χ 12 + 2χ 13 + χ 14 , which is projective by (HC). Let us suppose that ψ ′ 1 is decomposable. In this case, by (Uni) and the fact that ψ 5.6. The projective indecomposable Ψ 13 and properties of Ψ 9 . Finally, to obtain information on Ψ 13 and on the character Ψ 9 that corresponds to the cuspidal character χ 9 , we use (DL). We manage to show that the lower bound previously obtained for the constant δ is tight, and to determine the decomposition of Ψ 9 in terms of two nonnegative parameters α and β. The determination of α and β, or even a universal bound for them, seems to be more complicated to obtain, as in the case of SO + 8 (p f ) with p ≥ 3 where similar parameters show up; this is beyond the methods of this work. We can still give linear upper bounds in q for α and β by Table 6 and by using the inequality β ≤ 3α − 1 of the following computations; in this way we have α ≤ q/2, β ≤ (3q − 2)/2 and −9α + 4β + 8 ≥ 0.
We first write Ψ 13 = χ 13 + δχ 14 , with δ ≥ 4 by §5.1, and Ψ 9 = χ 9 + αχ 10 + αχ 11 + αχ 12 + βχ 13 + γχ 14 .
Here we used that Ψ 9 is fixed by τ and that χ 10 , χ 11 and χ 12 are permuted by τ , to deduce that Ψ 9 , χ 10 = Ψ 9 , χ 11 = Ψ 9 , χ 12 . We apply (Reg) and we obtain (7) 0 ≤ Ψ 9 , R w 0 = −8 + 9α − 4β + γ,
It is straightforward to produce a program in CHEVIE that for each w ∈ W decomposes
for some a w,i ∈ Z ≥0 which depend on the parameters α, β, γ and δ. In the above decomposition, the characters Ψ 13 and Ψ 14 possibly occur on R c for an arbitrary Coxeter element c of W , with a c,13 = 3α − β − 1 and a c,14 = −δ(3α − β − 1) + 3α − γ + 4, and we have that a w,13 = a w,14 = 0 for every w c in the Bruhat order. As ℓ(c) = 4, by (DL) we have that 3α − β − 1 ≥ 0, and that
By combining Equations (7) and (8), and recalling that δ ≥ 4, we get −9α + 4β + 8 ≤ γ ≤ −δ(3α − β − 1) + 3α + 4 ≤ −4(3α − β − 1) + 3α + 4 = −9α + 4β + 8, hence γ = −9α + 4β + 8. By substituting γ into Equation (8) one gets
Let us first assume that 3α − β − 1 ≥ 1. Then by Equation (9) we have that δ ≤ 4, hence δ = 4. In this case, we have that a c,14 = 0. We then check that the only element w ∈ W such that a w,14 = 0 is w 0 , with a w 0 ,14 = 192. Hence (DL) does not give more information on α and β.
Finally, let us now assume that 3α − β − 1 = 0, that is, β = 3α − 1. Then γ = 3α + 4, and a c,13 = a c,14 = 0. Moreover, we have that a w,13 = a w,14 = 0 for every w of length 5 or less. The element w ′ = s 1 s 2 s 3 s 1 s 4 s 3 is minimal in the Bruhat order such that a w ′ ,13 and a w ′ ,14 can possibly be nonzero; one has a w ′ ,13 = 4 and a w ′ ,14 = −4δ + 16.
Since ℓ(w ′ ) = 6, by (DL) we have that −4δ + 16 ≥ 0, hence δ ≤ 4, which implies δ = 4. In this case we have a w,14 = 0 for every w ∈ W \ {w 0 }, and a w 0 ,14 = 192. The method (DL) cannot be applied further to get more information on α.
Appendix: computations of the fusion of U-conjugacy classes into G We collect in this appendix a table which contains the information on the fusion of the conjugacy classes of U into G, namely Table 7 . The first column labels the families of U-conjugacy class representatives as in [GLM17, Section 3], with expressions given in the second column as products of root elements; each element is in the unipotent conjugacy class u x 5 (a 5 )x 6 (a 6 ) C 3 7,q 9 x 7 (a 7 )x 11 (a 11 ) C 3 8,9,10,q 10 x 9 (a 9 )x 10 (a 10 )
Label
Representative in U Fusion in G x 6 (a 6 )x 7 (a 7 ) C 5 5,q 9
x 5 (a 5 )x 11 (a 11 ) C 5 8,9,10,q 10 x 8 (a 8 )x 9 (a 9 ) C 6,p=2 1,2,4,q 7
x 1 (a 1 )x 2 (a 2 )x 4 (a 4 ) u G 6 C 6 1,2,q 8 x 1 (a 1 )x 2 (a 2 )x 12 (a 12 ) C 6 1,4,q 8
x 1 (a 1 )x 4 (a 4 )x 12 (a 12 ) C 6 2,4,q 8 x 2 (a 2 )x 4 (a 4 )x 12 (a 12 ) C 6 5,6,7,q 8 x 5 (a 5 )x 6 (a 6 )x 7 (a 7 ) C 6 5,6,q 9
x 5 (a 5 )x 6 (a 6 )x 11 (a 11 ) C 6 5,7,q 9
x 5 (a 5 )x 7 (a 7 )x 11 (a 11 ) C 6 6,7,q 9
x 6 (a 6 )x 7 (a 7 )x 11 (a 11 ) C 6 8,9,10,q 10 x 8 (a 8 )x 9 (a 9 )x 10 (a 10 ) C 6 3,q 8 ,1
x 3 (a 3 )x 8 (a 8 )x 9 (a 9 ) C 6 3,q 8 ,2
x 3 (a 3 )x 8 (a 8 )x 10 (a 10 ) C 6 3,q 8 ,3
x 3 (a 3 )x 9 (a 9 )x 10 (a 10 ) C 6 3,q 8 ,4
x 3 (a 3 )x 8 (a 8 )x 9 (a 9 )x 10 (a 10 ) C 7 1,3,q 5 x 3 (a 3 )x 1 (a 1 ) u G 7 C 7 2,3,q 5 x 3 (a 3 )x 2 (a 2 ) C 7 3,4,q 5 x 3 (a 3 )x 4 (a 4 ) C 7,p=2 1,2,4,2q 7
x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 10 (a 10 ) C 7 1,2,q 6 x 1 (a 1 )x 2 (a 2 )x 6 (a 6 ) C 7 1,2,q 7 x 1 (a 1 )x 2 (a 2 )x 10 (a 10 ) C 7 1,4,q 6 x 1 (a 1 )x 4 (a 4 )x 7 (a 7 ) C 7 1,4,q 7
x 1 (a 1 )x 4 (a 4 )x 10 (a 10 ) C 7 2,4,q 6 x 2 (a 2 )x 4 (a 4 )x 7 (a 7 ) C 7 2,4,q 7 x 2 (a 2 )x 4 (a 4 )x 9 (a 9 ) C 7 1,q 6 ,1
x 1 (a 1 )x 6 (a 6 ) C 7 1,q 6 ,2
x 1 (a 1 )x 7 (a 7 ) C 7 1,q 7 x 1 (a 1 )x 10 (a 10 ) C 7 2,q 6 ,1 x 2 (a 2 )x 5 (a 5 ) C 7 2,q 6 ,2 x 2 (a 2 )x 7 (a 7 ) C 7 2,q 7 x 2 (a 2 )x 9 (a 9 ) C 7 4,q 6 ,1
x 4 (a 4 )x 5 (a 5 ) x 3 (d 1 )x 8 (a 8 )x 9 (a 9 )x 10 (a 10 )x 11 (a 11 ), Tr(a 8 a 9 a 10 /(d 1 a 2 11 )) = 0 C 7 3,q 8 ,i , i = 2, . . . , 8 x 3 (a 3 )x 8 (f 8 )x 9 (f 9 )x 10 (f 10 )x 11 (a 11 ), f 8 f 9 f 10 = 0 C 7 5,6,7,2q 8
x 5 (a 5 )x 6 (a 6 )x 7 (a 7 )x 10 (a 10 ) C 7 5,6,q 8 x 5 (a 5 )x 6 (a 6 )x 10 (a 10 ) C 7 5,7,q 8 x 5 (a 5 )x 7 (a 7 )x 10 (a 10 ) C 7 6,7,q 8
x 6 (a 6 )x 7 (a 7 )x 9 (a 9 ) C 7 5,q 8 x 5 (a 5 )x 10 (a 10 ) C 7 6,q 8
x 6 (a 6 )x 9 (a 9 ) C 7 7,q 8 x 7 (a 7 )x 8 (a 8 ) C 8,p=2 1,2,4,2q 7
x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 10 (a 10 )x 12 (a 1 a 2 10 µ/a 2 a 4 ) u G 8 C 8
3,q 8
x 3 (d 2 )x 8 (a 8 )x 9 (a 9 )x 10 (a 10 )x 11 (a 11 ), Tr(a 8 a 9 a 10 /(d 2 a 2 11 )) = 1 C 8 5,6,7,2q 8
x 5 (a 5 )x 6 (a 6 )x 7 (a 7 )x 10 (a 10 )x 11 (a 5 a 2 10 µ/a 6 a 7 ) C 9 1,2,3,q 5
x 3 (a 3 )x 1 (a 1 )x 2 (a 2 ) u G 9 C 9 3,4,q 5 x 3 (a 3 )x 4 (a 4 )x 8 (a 8 ) C 9,p=2 1,2,4,q 6 x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 7 (a 7 ) C 9 1,2,q 6 x 1 (a 1 )x 2 (a 2 )x 7 (a 7 ) C 9 4,q 6 x 4 (a 4 )x 5 (a 5 )x 6 (a 6 ) C 10 1,3,4,q 5 x 3 (a 3 )x 1 (a 1 )x 4 (a 4 ) u G
10
C 10 2,3,q 5
x 3 (a 3 )x 2 (a 2 )x 9 (a 9 ) C 10,p=2 1,2,4,q 6 x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 6 (a 6 ) C 10 1,4,q 6 x 1 (a 1 )x 4 (a 4 )x 6 (a 6 ) C 10 2,q 6 x 2 (a 2 )x 5 (a 5 )x 7 (a 7 ) C 11 2,3,4,q 5 x 3 (a 3 )x 2 (a 2 )x 4 (a 4 ) u G
11
C 11 1,3,q 5 x 3 (a 3 )x 1 (a 1 )x 10 (a 10 ) C 11,p=2 1,2,4,q 6 x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 6 (a 2 a)x 7 (a 4 a) C 11 2,4,q 6 x 2 (a 2 )x 4 (a 4 )x 5 (a 5 ) C 11 1,q 6 x 1 (a 1 )x 6 (a 6 )x 7 (a 7 ) C 12 1,2,3,q 5 x 3 (a 3 )x 1 (a 1 )x 2 (a 2 )x 10 (a 10 ) u G
12
C 12 1,3,4,q 5 x 3 (a 3 )x 1 (a 1 )x 4 (a 4 )x 10 (a 10 ) C 12 2,3,4,q 5 x 3 (a 3 )x 2 (a 2 )x 4 (a 4 )x 9 (a 9 ) C 12,p=2 1,2,4,q 6 x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 6 (a * 6 )x 7 (a * 7 ) C 12 1,2,q 6 x 1 (a 1 )x 2 (a 2 )x 6 (a 6 )x 7 (a 7 ) C 12 1,4,q 6 x 1 (a 1 )x 4 (a 4 )x 6 (a 6 )x 7 (a 7 ) C 12 2,4,q 6 x 2 (a 2 )x 4 (a 4 )x 5 (a 5 )x 7 (a 7 ) C 13 1,2,3,4
x 1 (a 1 )x 2 (a 2 )x 3 (a 3 )x 4 (a 4 ) u G
13
C 14 1,2,3,4
x 3 (a 3 )x 1 (a 1 )x 2 (a 2 )x 4 (a 4 )x 10 (a 2 a 3 a 4 µ) u G 14 Table 7 . The fusion of the conjugacy classes of U into G.
